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COMMENT

Self-duality relation for a three-dimensional spin-; lattice
system
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Instituto de Fisica de Rosario, IFIR, CONICET, UNR, Pellegrini 250, 2000-Rosario,
Argentina

Received 24 October 1984

Abstract. A three-dimensional system consisting of a set of interacting two-dimensional
Ising models is introduced. It is shown that this model is seif-dual. It contains the
three-dimensional Ising model as a particular case.

Duality transformations have several roles in statistical mechanics. One role is to relate
the properties of one system at high temperature to those of another (or the same)
system at low temperature. If the system happens to be self-dual, one can, in some
cases, determine its critical points and have improved control over approximate and
numerical studies.

Another role is a rigorous shift of ground from one description of a system to a
very different description, which is either known, easier to interpret (Peskin 1978, Savit
1980), or more amenable to treatment. In general, all ordinary spin systems in three
dimensions have been shown to be dual to gauge systems with a local symmetry. Very
few models are self-dual in three dimensions. For spin-} systems the only relevant
case is the gauge invariant Ising model with external field.

In this comment we study a three-dimensional model consisting of a set of interacting
two-dimensional Ising models, and we show that it is self-dual.

The partition function of the model is

ZU,... Jg=3 % exp(z JisOsUl 4 Lsst), + 1s@s@ 4 @6
(s (s
+JisWs (xllu.\sx Sflm'*'-’es(l) ;Quls;z)s;zlm) (1)
where x indicates a generic point of the lattice, i), u, and u; are unit vectors in the
x, y and z directions, respectively; and s\’ and s{?’ are Ising variables. We assume
periodic boundary conditions on the cubic lattice. When Js=0 and J,=0 the model
decouples in a set of 2N'"? independent two-dimensional Ising models, where N is
the number of lattice sites. Half of these 2D Ising models are sitting in planes parallel
to the xz plane and the other half in planes parallel to the yz plane.
This system bears resemblance to the 2b Ashkin-Teller model, which consists, when
it is expressed in terms of Ising variables (Fan 1972), of two interacting 2D Ising models
defined on the same plane. When J,=0 and Js=0 the constraint results:

(H () (2)(2)
Sx Sx+y.3sx Sx+p,3 1: (2)
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therefore s’ = s\, and in consequence the system reduces to the 3D anisotropic Ising

model without external field. When J, = J;=J,=0 the 3D anisotropic gauge invariant
Ising model evaluated in the axial gauge results. The variable s\ must be identified
with the links in the y direction and s’ with those in the x direction. The links in
the z direction are equal to one in the axial gauge. The Hamiltonian of our model
has several symmetries. It remains invariant to the reversal of all spins s\’ or all spins
s, Moreover, it remains invariant to the reversal of all spin s\’ on any of the planes
parallel to the xz plane, and to the reversal of all spins s\’ on any of the planes parallel
to the yz plane.

We will establish the self-duality of this model, by using a procedure introduced
in a previous paper (Giacomini 1984a). By linearising (1) in the spin variables and
introducing six variables, which take the values zero and one, in order to expand the

resulting products, we obtain

Z(Jy,...,Jo)=[cosh(J})...cosh(Jg)IV ¥ Y Y ... ¥

sy Py () (n'®y

) (6) () (1 2) (2) (5) (5) 4 pl6) 4 pi6)
XH[Q’II‘ ag\ (S(x]))n\, +n‘7“1+n‘, +nv_“3+r¢", +"‘\*#1 n n\__»3
x
(3) i3} 43 (4) (5) (5) 4pler 16)
X(SE(Z))N" +"\'»u1*"r +n\7“3+nx +n‘7“2—rn‘ +n{_“3] (3)

where a; =tanh(J;).

The variables s{'’ and s{®’ are decoupled in (3). Summing them up leads to

24y, ..., Je) =2[cosh(J}) ... cosh(Je)]V ¥ ... ¥

{H(I)) (H(G')
nth 6 1 1 2 2 5
x[Tla? ... a5 8,(nP+nll, +nP+n2, +nP+n, +n®
x
) (3 3 @ @ s s 6
., )8:(nd + 0l 0P+, 0P +n, +0®+n )] (4)

where 8,(n) is a Kronecker delta function modulo two, it is zero if # is odd and one
if n is even.
By introducing Ising variables according to s{’=2n'" -1 and taking into account
the identities
1 1
8,(n'" + ni_)m +n?P+ nﬂf_)“}-f- n®+ n(,f_)“I +n'®+ nf’_)m)

=1 (1) (D) (2) (2) (5) (5) (6) (6)
"'2(1+Sx Sx—y.lsx Sx—y.lsx Sx—ulsx Sx—y,3)

5(nP+nd, +nP+n®  +nP+n®  +n®+n® )

X = py X—p3 xX—p X =y
=5(1+sPs, sPs® s, 5O ), (5)
we obtain
Z(Jy, ..., Je)=2"Nexp[N(J;+...+J)] ¥ ... Y

L
(st sy

XTT(1+ ) (14 0352)(1+ 0551+ vas ) (1 + 055 )

(6} (1 (1 (2) (2) (5) (%) (6} .(6)
x(l+065x (1+sx sx+y.‘sx sx+y.3sx sx-f-p.‘sx Sx+p.3)

(3} . (3) (4) .(4) (5) o(5) (6) (6)
x(1+sx Sx+pzsx wa-;L;sx sx+p.2sx sx-f-y._;) (6)

where v, =e”*", and we have changed the signs of the unit vectors based on the

symmetry of the lattice. With the aim of simplifying the resulting constraints we make
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the following change of variables

s(xl)_)sxl)q(:)’ S;Z)_)S(XZ)S(XG)’
sx s(}) (XS), S(X4) ;4)5,5‘6). (7)
Therefore (6) gives
Z(Jyy .. T =2 exp[N(J;+...+J)] Y, ... ¥
sV s
XH (1 + vls(l) (5))(1 +02$(2) (6))(1 + U3S(3) (5))(1 + v, s(4) (6))
X (1+ 055 ) (1+ 08 &) (14505, s P53,
X (1457530, s s (8)
Now, the constraints are
S(xl)sillmsms(le,;} — 1, 55(3)5‘;3-2-“1 (;;4)5(754-2;” — 1' (9)
The general solution of (9) is (Balian et al 1975)
sV =s0s0), s =558 o
s =505 s =558, 1o
where s\’ and s\¥ are Ising variables too. The variables s’ and s\’ are decoupled

in (8). Summing them up, and taking into account (10), we get

Z(Jy, .. J)=2"Nexp[N(Ji+..+J)]1 ¥ ¥
U sy

(7) (7) (8) (8) (1) A7)
XH(l+leBS x+y,ls x+y3+UIDSSx Sx+;.¢3

+ 03058 5B (14 0,065V sVL L,
+ 03045 s 5L+ 0s0as S ELL). (11)
Now, this expression can be written as
exp[N(J,+...+J)]
[4(1+ v27476)(1 + v, 73')’5)]N sy (s

KT+ 35500+ 75 P52,)

Z(Jy, .. e) =

1y (l) (2) (2) (1) (l)
X(1+‘)’6S x+y.3sx x+y.3)(1+‘YIS x-+—y.,)

2) (2
X(1+ ;82 (1 yssi sl 505 ) (12)

where we have changed the name of the variables, and the parameters v, are determined
by the following equations

Y2t Ya¥s Yat Y27
T =DUs T = UDUs
L+ ¥274%s 1+ v274%e
+ +
szlvs 71_7_3£=vzvé (13)
1+ ¥274Ys 1+ v1v37s
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4 U = Uy,
I+ y,739s ¢ Ty
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Finally, by defining the dual couplings J;* through the relation
tanh(J,*) = v, (14)
(12) becomes

exp[N(J,+...+J)]
[4(1+ 274 ¥ )1+ ¥, 737s) cosh(JF) ... cosh(JE)IY

Z(Jla"'3‘]6)=

® (1) (1) * (1) (1) * (2) (2)
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Therefore, the self-duality relation is expressed as

exp(Ji+...+Jg) )N
ZJ,, ..., J =< ZJ%, ... T5).
! ¥ 4(1+ ¥274v6) (1 + ¥, v3ys) cosh(J¥F) ... cosh(JF) 1 °
(16)

When Jy;=J,=Js=Js=0, (16) reduces to the self-duality relation of the anisotropic
two-dimensional Ising model. For the case J,=o and Js=0 (16) gives the duality
relation between the 3D Ising model and its gauge invariant version (Balian er al 1975).

The self-duality relation (16) is the same as would be obtained for the anisotropic
Ashkin-Teller model with a Hamiltonian given by

— (1} (1) (1) (2) (2) (2} (2)
H__E (Jlsx Sx+p]+]2s x+u.2+-]3s +J4S (
x

X+y.1 x-+-;u

F o5 s s s+ Tes s s s L) (17)
where s\’ and s\’ are Ising variables and u, and u, are unit vectors in the horizontal
and vertical directions, respectively. The similarities with the 20 Ashkin-Teller model
induce us to think that the model (1) could present a non-universal behaviour (Barber
1980). We believe that this aspect deserves further analysis. At last, we can say that
the self-duality of this model is a consequence of the fact that it is constructed by an
adequate combination of self-dual models (2D Ising models in this case), as is explained
in a previous paper (Giacomini 1985b).

References

Balian R, Droufte J M and Itzykson C 1975 Phys. Rev. D 11 2098
Barber M 1980 Phys. Rep. 59 375

Fan C 1972 Phys. Lett. 39A 136

Giacomini H 1985a J. Phys. A: Math. Gen. 18 1499

—— 1985b J. Phys. A: Math. Gen. 18 1505

Peskin M 1978 Ann. Phys., NY 113 122

Savit R 1980 Rev. Mod. Phys. 52 453



